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The problem of output tracking control is considered for a general class of nonlinear
differential-algebraic systems. Regularization algorithm proposed here pro®ides sufficient
conditions for the existence of a regularizing feedback controller that renders the closed-
loop system to ha®e an index one. Based on the regularization algorithm, another algo-
rithm is de®eloped for constructing a tracking controller, which guarantees that the
outputs of the closed-loop system track the desired signals asymptotically. Simulation
results on a typical chemical process show that the de®eloped design method gi®es a
satisfactory control performance.

Introduction

Consider a system described by differential equations

xs f x , z ,u 1Ž . Ž .˙

algebraic equations

0s g x , z ,u 2Ž . Ž .

and outputs

y sh x , z ,u 3Ž . Ž .i i

n s m w xT mwhere xgR , zgR , ugR , and ys y , . . . , y gRl m
are the vectors of state, algebraic, input, and output vari-
ables, respectively. Such a system is often called a differen-

Ž . Žtial-algebraic equation DAE system also referred to as a
.singular, generalized, descriptor, or semistate system .

DAE systems arise naturally in many applications, such as
Ž .chemical processes Kumar and Daoutidis, 1995a,b , mechan-

Ž .ical systems You and Chen, 1993 , and so on. DAE systems
also arise from singular perturbation systems

xs f x , z ,u 4Ž . Ž .˙
� zs g x , z ,u 5Ž . Ž .˙

Correspondence concerning this article should be addressed to S. Rohani.

where 0�� �1 is a small parameter. The slow subsystem
obtained by letting �s0 is the same as the DAE system de-
scribed by Eqs. 1�2. So, the control theory for DAE systems
may be used to design feedback controllers for singular per-

Ž .turbation systems Christofides and Daoutidis, 1996 . For
many physical processes, the algebraic equations are implicit
and singular in nature, inhibiting a direct elimination of such
equations to obtain conventional ordinary differential equa-

Ž .tion ODE models. The application of existing control meth-
ods for ODE systems to processes with singular algebraic
constraints clearly limits the controller performance and the
control quality. These considerations motivate a need for de-
veloping a control method to deal with DAE systems directly.

It is known that not all initial conditions admit a smooth
solution. It is assumed that the DAE system is solvable, that

Ž Ž . Ž ..is, for a consistent set of initial conditions x 0 , z 0 and
Ž .smooth inputs u t , there exists locally a unique smooth solu-

Ž Ž . Ž ..tion x t , z t . The index ® of a DAE system is the mini-d
mum number of times the algebraic equations have to be dif-
ferentiated to obtain differential equations for the algebraic

Ž .variables z Brenan et al., 1989 . Note that not all DAE sys-
tems have a well-defined index; especially, the index may not
exist for arbitrary inputs when the constraints hidden behind
the algebraic equations, which can be identified by differenti-
ating the algebraic equations, depend on the inputs. There-
fore, it is further assumed that the DAE system has a finite
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index ® . It is clearly seen that DAE system of Eqs. 1�2 hasd
an index-one if the Jacobian matrix � gr� z is nonsingular. For
such systems, the algebraic equations can be solved theoreti-
cally for the algebraic variables z in terms of x and u to
obtain an equivalent ODE representation.

For high-index DAE systems with � qr� z singular, there ex-
ist some further constraint in x hidden in the algebraic Eq. 2.
The differentiation of the algebraic equations can be repeat-
edly applied in order to identify all the hidden constraints,
determine the algebraic variables, and obtain an equivalent
ODE representation defined in a constrained state-space re-
gion. Generally speaking, the resulting ODE representation
involves derivatives of input functions, which may degrade the
control performance. On the other hand, the constrained
state-space region may depend on the inputs. The depen-
dence of the constrained state-space region on the inputs
makes feedback control problems complicated, because the

Ž .constrained state-space region depends on the unknown
feedback control law for the inputs. In this article, we are
concerned with the case where the constrained state-space
region is independent of the inputs. A DAE system is called
to be regular if it has a finite index and the constrained

Žstate-space region is independent of the inputs Kumar and
.Daoutidis, 1995a . A large class of nonregular DAE systems

can be made to be regular through feedback control. The
problem of designing a feedback control law to render a non-
regular DAE system regular is called a regularization prob-
lem, which will be discussed in the next section.

The numerical solution of DAE systems has been the sub-
ject of intense research activity in the past three decades. A
great deal of progress has been made in the understanding of
the mathematical structure of DAE systems. Several numeri-
cal techniques have been developed for the numerical solu-
tion of DAEs. Robust and efficient mathematical software is

Žavailable for implementing the numerical methods Brenan
.et al., 1989; Campbell and Griepentrog, 1995 .

The majority of research on control of DAE systems has
Ž .focused on linear systems Campbell, 1982; Dai, 1989 . Lim-

ited results have been available until recently on the control
of nonlinear DAE systems, with few results on stabilization
Ž .McClamroch, 1990; Kumar and Daoutidis, 1995a,b; 1996 ,

Ž .tracking Krishnan and McClamroch, 1994; Liu, 1998a , H�

Ž . Žcontrol Wang et al., 1998 , input-output decoupling Liu and
ˇ . Ž .Celikovsky, 1997 , disturbance decoupling Liu, 1998b , and´

Ž .canonical form Rouchon et al., 1992 . A methodological
framework for the feedback control of nonlinear DAE sys-

Ž .tems was introduced in Kumar and Daoutidis 1995a and
Ž .was further generalized in Kumar and Daoutidis 1995b to

address the control of DAE systems with disturbances. The
developed methodology involved two steps: deriving a state-
space realization of the constrained system and constructing
a feedback controller on the basis of the derived state-space
realization. This methodology has been extended in Kumar

Ž .and Daoutidis 1996 to DAE systems for which the underly-
ing constraints involve the inputs. Another method was de-

ˇ Ž .veloped in Liu and Celikovsky 1997 for the feedback con-´
trol of nonlinear DAE systems. This method consists of two
algorithms: a regularization algorithm and a decoupling algo-
rithm. Instead of deriving the state space realization in Ku-
mar and Daoutidis’s method, the regularization algorithm
identifies conditions for the existence of a regularizing feed-

back controller. Based on these conditions, the decoupling
algorithm provides an approach for the construction of a de-
coupling controller without solving the algebraic variables.
Such a design idea has been applied to solve the tracking

Ž .problem Liu, 1998a and the disturbance decoupling prob-
Ž .lem Liu, 1998b for nonlinear DAE systems.

Both methods aforementioned are limited to DAE systems
of the following affine form

xs f x q p x zq g x u 6Ž . Ž . Ž . Ž .˙ 1 1 1

0s f x q p x zq g x u 7Ž . Ž . Ž . Ž .2 2 2

However, many practical systems are modeled by Eqs. 1�2
instead of Eqs. 6�7 see, for example, the two-phase exother-

Ž .mic reactor and condenser Kumar and Daoutidis, 1996 , the
Ž .reactive distillation column Kumar and Daoutidis, 1999 , the

Žcatalytic continuous stirred tank reactor Christofides and
.Daoutidis, 1996 , the liquid-liquid phase-transfer catalyzed
Ž .reaction system Chen et al., 1991 , and so on. Motivated by

this consideration, this work aims at a comprehensive frame-
work for the controller synthesis for nonlinear DAE systems
of the form of Eqs. 1�2.

Generally speaking, the design method developed by Ku-
Ž .mar and Daoutidis 1995a,b; 1996 is not always suitable for

Ž .control synthesis of DAE systems Eqs. 1�2 because of diffi-
culties in finding the equivalent ODE representation. There-

ˇ Ž .fore, the design idea proposed by Liu and Celikovsky 1997´
will be applied to construct a tracking controller so that the

dŽ .outputs of Eqs. 1�2 track the desired smooth signals y t
dŽ . dŽ .with bounded derivatives y t , y t , ��� . The design ap-˙ ¨

proach consists of two steps. The first step is to check if the
given DAE system can be regularized by carrying out the reg-
ularization algorithm developed in the next section. The sec-
ond step is to construct a tracking controller by performing
the algorithm proposed later. Finally, the design method is
tested by simulation on a chemical process composed of a
two-phase reactor and condenser.

Regularization
This section is devoted to identifying conditions for the ex-

istence of a feedback controller, which guarantees that the
closed-loop system is regular. Such a feedback controller is
called a regularizing controller.

The following algorithm gives sufficient conditions for the
existence of a regularizing controller, which can be consid-
ered as a generalization of both algorithms proposed by Ku-

ˇŽ . Ž .mar and Doautidis 1996 and Liu and Celikovsky 1997 . The´
Ž .algorithm involves, in each step, a differentiation of the al-

Ž .gebraic equations, and b elementary row operations on the
Ž .algebraic equations produced in a to identify the underlying

constraints in x, of which a minimal number involve z and u.˙ ˙

( )Algorithm 1 Regularization Algorithm
1( ) ( )Step 1: Let G x,z,u s g x,z,u . Then the algebraic equa-

( )tions Eq. 2 become

0sG1 x , z ,u 8Ž . Ž .
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Differentiating these algebraic equations with respect to time
produces

� G1 � G1 � G1

0s xq zq u 9Ž .˙ ˙ ˙
� x � z � u

1( ) [( 1 )( 1 )] 1( )Set p x,z,u s rank � G r� z � G r� u . Suppose p x,z,u is
( ) 1constant in a neighborhood of x , z , u . If p s s, then let0 0 0

G1sG1 and terminate the algorithm. Otherwise, rearrange the1
1 1 [( 1 )rows of G so that first p rows of the matrix � G r� z

( 1 )] ( )� G r� u are linearly independent at x , z , u . As a result,0 0 0
G1 can be expressed as

1G1

1G2

1( )and there exists a matrix F x,z,u such that1

1 1 1 1� G � G � G � G2 2 1 11sF x , z ,u 10Ž . Ž .1� z � u � z � u

2( ) [( 1 ) 1( )( 1 )] ( )Set G x,z,u s � G r� x yF x,z,u � G r� x f x,z,u . Then,2 1 1
it is seen that Eq. 9 can be equi®alently written as

� G1 � G1 � G1
1 1 1

0s xq zq u 11Ž .˙ ˙ ˙
� x � z � u

0sG2 x , z ,u 12Ž . Ž .

which implies that some hidden constraints, say Eq. 12, ha®e
been found by differentiating the original algebraic equations. The

( )next step is to differentiate the new algebraic equations Eq. 12
in order to justify some constraints hidden in these algebraic
equations.

Step k: Suppose we ha®e found hidden constraint functions
G2, . . . , Gk through steps 1 to ky1. This step is going to deter-
mine constraints behind the algebraic equations of the form

0sGk x , z ,u 13Ž . Ž .

Similar to the first step, differentiating these algebraic equations
with respect to time produces

� Gk � Gk � Gk

0s xq zq u 14Ž .˙ ˙ ˙
� x � z � u

Set

1 1� G � G1 1

� z � u
. .. .. .

k ky1 ky1p x , z ,u srank 15Ž . Ž .� G � G1 1

� z � u
k k� G � G

� z � u

k( ) ( )Suppose p x,z,u is constant in a neighborhood of x ,z ,u .0 0 0
If pks s, then let GksGk and terminate the algorithm. Other-1
wise, rearrange the rows of Gk so that the first pk rows of the

( ) ( )matrix Eq. 15 are linearly independent at x ,z ,u . As a re-0 0 0
sult, Gk can be partitioned as

kG1

kG2

k( )and there exist matrices F x,z,u , js1, . . . , k such thatj

k k j jk� G � G � G � G2 2 1 1ks F x , z ,u 16Ž . Ž .Ý j� z � u � z � ujs1

Set

k k j� G � G2 1kq1 kG x , z ,u s y F x , z ,u f x , z ,uŽ . Ž . Ž .Ý jž /� x � xjs1

Then, it is easily seen that Eq. 14 can be equi®alently expressed
as

� Gk � Gk � Gk
1 1 1

0s xq zq u 17Ž .˙ ˙ ˙
� x � z � u

0sGkq1 x , z ,u 18Ž . Ž .

Generally speaking, the regularization algorithm is not fea-
sible because some of the constant assumptions may not be
satisfied. The regularization algorithm is said to be feasible if
the constant assumption at each step is satisfied. Throughout
this article, only those systems for which the regularization
algorithm is feasible will be considered, so the following as-
sumption is made.

( )A1 Algorithm 1 is feasible.
After carrying out the feasible regularization algorithm, we

end up with a new set of algebraic equations

0 s G1 x , z ,uŽ .1

10 s G x , z ,uŽ .2
...

�k y10 s G x , z ,uŽ .1
�k y10 s G x , z ,uŽ .2
�k0 s G x , z ,u 19Ž . Ž .1

which can be equivalently expressed as

1G x , z ,uŽ .2
..G̃ x , z ,u s s0Ž . .

�k y1G x , z ,uŽ .2

1G x , z ,uŽ .1
..G x , z ,u s s0 20Ž . Ž ..

�kG x , z ,uŽ .1
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where

˜ ˜� G � G
� G � G� z � urank srank s s
� z � u� G � G

� z � u

( )Remark 1. Suppose the DAE system Eqs. 1� 2 has an in-
( )dex ® . By differentiating the algebraic equations Eq. 2 ® times,d d

z can be theoretically determined as˙

zsZ x ,u ,u , . . . , uŽu d. 21Ž . Ž .˙ ˙

It is not difficult to induce that the feasible algorithm will be
terminated at step k�, which is bounded by ® yu q1 becaused d

( )the algebraic equations Eq. 20 obtained after differentiating the
( ) �algebraic equations Eq. 2 k y1 times has to be differentiated

ud times to uniquely determine z, that is, k�y1qu2F®d.˙
The following assumptions are made, which, together with

Ž .A1 , provide sufficient conditions for the existence of a regu-
larizing controller.
Ž .A2 The matrix � Gr� z has constant rank s .1
Ž .A3 The matrix

� f

� z
� G

� z

has constant full column rank s.
( ) (Remark 2 A3 is a necessary condition for the system Eqs.

) ( )6 � 7 to be sol®able and ha®e a finite index for any smooth u t ,
( )see Lemma 1 in Kumar and Daoutidis 1996 .

In what follows, we will illustrate that, under the above
assumption, the DAE system can be made to be regular by a
state feedback controller.

For convenience in illustration and without loss of general-
ity, reorder x, z, and u, partition them as

x z u1 1 1
xs zs us

x z u2 2 2

Ž . Ž .and decompose f x, z,u and G x, z,u compatibly with x and
z, respectively

f x , z , z u ,uŽ .1 1 2 1 2
f x , z ,u sŽ .

f x , z , z u ,uŽ .2 1 2 1 2

G x , z , z u ,uŽ .1 1 2 1 2
G x , z ,u sŽ .

G x , z , z u ,uŽ .2 1 2 1 2

so that the matrices � G r� z and1 1

� f � f1 1

� z � z1 2
22Ž .

� G � G1 1

� z � z1 2

are nonsingular and the matrix

� G � G � G1 1 1

� z � z � u1 2 1

� G � G � G2 2 2

� z � z � u1 2 1

Ž . Ž .has full row rank, where dim x s sy s , dim z s s ,1 1 1 1
Ž . Ž .dim u s sy s , dim G s s . Then, the dynamic feedback1 1 1 1

controller

ws® 23Ž .˙ 1

G x , z , z ,u ,u s x qw 24Ž . Ž .2 1 2 1 2 1

u s® 25Ž .2 2

makes the original system regular. As a matter of fact, the
corresponding closed-loop system is given by

x s f x , z , z ,u ,u 26Ž . Ž .1̇ 1 1 2 1 2

x s f x , z , z ,u ,u 27Ž . Ž .2̇ 2 1 2 1 2

ws® 28Ž .˙ 1

0sG x , z , z ,u ,u 29Ž . Ž .1 1 2 1 2

0s x qw 30Ž .1

u s® 31Ž .2 2

By differentiating Eq. 30, one gets

0s f x , z , z ,u ,u q® 32Ž . Ž .1 1 2 1 2 1

Ž .The closed-loop system Eqs. 26�32 is regular, which is veri-
fied in Appendix A.

Note that if the algorithm 1 is feasible and the matrix
Ž . Ž .� Gr� z is nonsingular, then A2 � A3 are always true and

Ž .the regularizing feedback Eqs. 23�25 is not necessary, that
is, the original system is regular.

Now let us look at the following DAE system

x s x q z q2 z 33Ž .1̇ 2 1 2

x suq x q e x1y x 34Ž .2̇ 1 2

x suq e x1 35Ž .3̇

0s x 36Ž .3

0s z qu e z1quq x 37Ž . Ž .1 2

ys x 38Ž .1

By carrying out Algorithm 1, we get the following two alge-
braic equations

0s z qu e z1quq x sG1 39Ž . Ž .1 2 1

0suq e x1sG1sG2 40Ž .2 1
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It is easily seen that the index of the system is ® s3 andd
u s2, and the algorithm terminates at step k�s2. The reg-d
ularizing feedback can be chosen as

ws® 41Ž .˙
uswy e x1q x 42Ž .1

The original DAE system can be changed to an ODE sys-
tem by a dynamic state feedback law. From the theoretical
point of view, the existing control design techniques for ODE
systems can be applied to the resulting state-space represen-
tation. However, such a design approach has the following
two drawbacks. First, for some complex DAE systems, it is
quite difficult, sometimes even impossible, to get equivalent
state-space representation because of difficulties in determin-
ing z and z analytically. Secondly, control synthesis de-1 2
pends on the choice of regularizing controller. Therefore, in

ˇthis article, the design idea developed by Liu and Celikovský
Ž .1997 will be applied to construct an output tracking con-
troller.

Feedback Design
After carrying out the feasible regularization algorithm, the

original DAE system is changed to

xs f x , z ,u 43Ž . Ž .˙

˜0sG x , z ,u 44Ž . Ž .
0sG x , z ,u 45Ž . Ž .
y sh x , z ,u 46Ž . Ž .i i

wŽ .Ž .xwith � Gr� z � Gr� u full row rank.
This section will propose another algorithm for the system

Ž .Eqs. 43�46 , which is an extension of the second algorithm
ˇ Ž .in Liu and Celikovsky 1997 .´

Algorithm 2
1( ) ( )Step 1: Let H x,z,u sh x,z,u . Then, the time deri®ati®e ofi i

H 1 is gi®en byi

� H 1 � H 1 � H 1
i i i1Ḣ s xq zq u 47Ž .˙ ˙ ˙i � x � z � u

Define

� G � G

� z � u1q x , z ,u srankŽ .i 1 1� H � Hi i

� z � u

1( )and assume q x,z,u is constant in a neighborhood of x . Ifi 0
q1s sq1, then define r s0 and terminate the algorithm. Oth-i i

1( )erwise, there exists a matrix E x,z,u so thati

1 1� H � H � G � Gi i 1sE x , z ,u 48Ž . Ž .i� z � u � z � u

2( ) [( 1 ) 1( )( )] ( )Set H x,z,u s � H r� x y E x,z,u � Gr� x f x,z,u . Then,i i i
Eq. 47 becomes

˙1 2H sH x , z ,u 49Ž . Ž .i i

where the equations

� G � G � G
0s xq zq u˙ ˙ ˙

� x � z � u

ha®e been applied.
2( ) k( )Step k: Suppose H x,z,u , . . . , H x,z,u ha®e been deter-i i

mined from Step 1 to Step ky1. Similar to the first step, differ-
entiating H k with respect to time gi®esi

� H k � H k � H k
i i ikḢ s xq zq u 50Ž .˙ ˙ ˙i � x � z � u

Define

� G � G

� z � ukq x , z ,u srankŽ .i k k� H � Hi i

� z � u

k( )and assume q x,z,u is a constant in a neighborhood of x . Ifi 0
q ks sq1, then define r sky1 and terminate the algorithm.i i

k( )Otherwise, there exists a matrix E x,z,u so thati

k k� H � H � G � Gi i ksE x , z ,u 51Ž . Ž .i� z � u � z � u

kq1( ) [( k ) k( )( )] ( )Set H x,z,u s � H r� x y E x,z,u � Gr� x f x,z,u .i i i
Then, Eq. 50 becomes as follows

˙k kq1H sH x , z ,u 52Ž . Ž .i i

Algorithm 2 terminates either at a finite step r , which isi
bounded by n, or never stops, which implies that the output
y is independent of both z and u. If it does not terminate ati
a finite step, then define r sn. Performing Algorithm 2 oni
the ith output y givesi

y s H 1
i i

1 2˙y s H sHi̇ i i
...

r y1 ri i˙y s H sHŽ r y1. i ii

Ž r . r r q1i i i˙y s H sH x , z ,u 53Ž . Ž .i i i

Now we are ready to make the following assumption, which,
Ž . Ž .together with A1 � A3 , guarantee the existence of a track-

ing controller.
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Ž .A4 : The matrix

� G � G

� z � u
r q1 r q11 1� H � H1 1

� z � u
. .. .. .
r q1 r q1m m� H � Hm m

� z � z

is nonsingular at x .0
Ž .A4 also means that r is the relative degree of the systemi

Ž .Isidori, 1995 .
In order to design a feedback controller so that the output

dŽ .y tracks the desired signal y t , let us introduce the track-i i
1 dŽ . j j Ž d.Ž jy1.Ž .ing error e s y y y t . In addition, set e sH y y ti i i i i i

for js1, . . . , r . Then, it follows from Eq. 53 thati

e1 s e2
i̇ i

...
r y1 ri ie s ei̇ i

Ž .r ir r q1 di ie s H x , z ,u y y t 54Ž . Ž . Ž .˙ Ž .i i i

Now the introduction of the feedback controller composed of
Eqs. 23�25 and

r i
Ž . Ž .jy1 r ir q1 j j d diH x , z ,u sy d H y y t q y tŽ . Ž . Ž .Ž . Ž .Ý ž /i i i i i

js1

is1, . . . , m 55Ž .

Ž .to the system Eq. 54 gives the following equations

e1 s e2
i̇ i

...
r y1 ri ie s ei̇ i

r i
r j jie s y d e 56Ž .˙ Ýi i i

js1

which is asymptotically stable if the constants d j are choseni
in such a way that the polynomial �riqdri�riy1q � � �qd2�i i
qd1 is Hurwitz.i

The process of designing a tracking feedback controller can
be summarized as follows.

˜Ž .Step 1: Perform Algorithm 1 to determine G x, z,u and
Ž .G x, z,u ;
Step 2: Perform Algorithm 2 to determine r and H j fori i

js1, . . . , r , is1, . . . , m.i
Step 3: Choose d j, js1,..., r , is1,...,m so that �riqi i

dri�riy1q � � �qd2�qd1 is Hurwitz.i i i
Step 4: The tracking controller is given by

ws® 57Ž .˙ 1

G x , z , z ,u ,u s x qw 58Ž . Ž .2 1 2 1 2 1

u s® 59Ž .2 2

r i
Ž .jy1r q1 j j diH x , z ,u sy d H y y tŽ . Ž .Ž .Ý ž /i i i i

js1

Ž .r idq y t , is1, . . . , m 60Ž . Ž .Ž .i

where z and z are determined by Eqs. 29 and 32.1 2
Theoretically, the tracking controller for u and u can be1 2

uniquely determined from Eqs. 57�60, together with Eqs. 29
Ž .and 32 see Appendix B . However, it is sometimes impossi-

ble to solve these equations analytically, so a numerical
method is required.

ŽUp to now, we have shown that the feedback control Eqs.
.57�60 achieves the output tracking. However, it does not

guarantee the internal dynamics stability. The internal stabil-
ity can be guaranteed by the following assumption.
Ž .A5 : The tracking dynamics are bounded input bounded

state where the tracking dynamics is defined by Eq. 1 with
Ž . j Ž d.Ž jy1.Ž .constraints Eq. 19 and H s y t for js1, . . . ,r , isi i i

1, . . . ,m.
( )Remark 3. Note that A5 is stronger that the assumption of

( )minimum-phase since A5 means that the system is minimum-
d( )phase when y t �0. Theoretically, the tracking dynamics cani

j ( d)Ž jy1.( )be obtained by sol®ing Eqs. 19 and H s y t fori i
js1, . . . , r , is1, . . . , m for some components of x, z and ui
and substituting into Eq. 1. Howe®er, for those systems where it
is impossible to find analytic solutions for x, z, and u, a numeri-
cal method has to be applied.

ŽApplying the design method above to the system Eqs.
.33�38 produces the following tracking controller

ws® 61Ž .˙

uswy e x1q x 62Ž .1

x q z q2 z syd x y y t q y t 63w xŽ . Ž . Ž .˙2 1 2 1 d d

where z and z are determined by1 2

0s x q z q2 z q® 64Ž .2 1 2

0s z qu e z1quq x 65Ž . Ž .1 2

which has to be solved numerically. The corresponding
closed-loop system is

x syd x y y t q y t 66w xŽ . Ž . Ž .˙ ˙1 1 d d

x s x y x 67Ž .2̇ 1 2

ys x 68Ž .1

where the tracking dynamics is given by

x sy x q y tŽ .2̇ 2 d

which is bounded-input and bounded-output.
Remark 4. The main difference between the method pre-

sented in this article and the method de®eloped by Kumar and
( )Daoutidis 1996 is as follows: the tracking problem is addressed

directly based on the original system in this article, whereas Ku-
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mar and Daoutidis addresses the tracking problem based on the
ODE representation, which is obtained after applying a regulariz-
ing feedback control law. Howe®er, both control design methods

( )gi®e the same control performance see next section .

Application of the Design Method
Consider the process comprised of a two-phase

Ž . Žvaporrliquid reactor and a condenser. The process Kumar
.and Daoutidis, 1996 can be described by 11 differential

equations

˙ lM s f sF yF qF qN yN 69Ž .1 1 B 1 l 2 l A1 C1

1
x s f s yF x qF x y xw Ž .˙A1 2 B A1 2 l A2 A1lM1

qN 1y x qN x y r 70x Ž .Ž .A1 A1 C1 A1 A

1
x s f s F 1y x yF x yN xw Ž .˙B1 3 B B1 2 l B1 A1 B1lM1

qN x y r 71x Ž .C1 B1 A

˙ ®M s f sF yF yN qN 72Ž .1 4 A 1® A1 C1

1
y s f s F 1y y yN 1y y yN yw xŽ . Ž .Ȧ1 5 A A1 A1 A1 C1 A1®M1

73Ž .

1
Ṫ s f s F T yT qF T yTŽ . Ž .1 6 A A 1 B B 1l ®M qM1 1

®� H Q � H1 rqF T yT q N yN y y r 74Ž .Ž . Ž .2 l 2 1 A1 C1 Ac c cp p p

˙ lM s f sN qN yF 75Ž .2 7 A2 C 2 2 l

1
x s f s N 1y x yN x 76w x Ž .Ž .˙A2 8 A2 A2 C 2 A2lM2

˙ ®M s f sF yF yN yN 77Ž .2 9 1® 2 ® A2 C 2

1
y s f s F y y y yN 1y yw Ž . Ž .Ȧ2 10 1® A1 A2 A2 A2®M2

qN y 78x Ž .C2 A2

1
Ṫ s f s F T yTŽ .2 11 1® 1 2l ®M qM2 2

®� H Q2q N qN y 79Ž .Ž .A2 C 2 c cp p

and 8 algebraic equations

0sP y yP s x 80Ž .1 A1 A1 A1

0sP 1y y yP s 1y x y x 81Ž .Ž . Ž .1 A1 C1 A1 B1

Table 1. Process Variables and Parameters, and Their Nominal Values

Variable Description Nominal Value
2 3Ž .a Interfacial mass-transfer arearunit liquid holdup volume m rm 1,000

Ž .c Molar heat capacity Jrmol �K 80.0p
5Ž .E Activation energy in Arrhenius rate expression Jrmol 1.1�10a

Ž .F Inlet molar flow rate of reactant A molrs 144.42A
Ž .F Inlet molar flow rate of reactant B molrs 92.55B

Ž .F Molar flow rate of liquid stream from reactor molrs 110.971 l
Ž .F Molar flow rate of liquid recycle from condenser to reactor molrs 66.452 l
Ž .F Molar flow rate of vapor stream from reactor to condenser molrs 192.451®

Ž .F Molar flow rate of product vapor from condenser molrs 141.842 ®
3 11Ž .k Preexponential factor mrmol � s 2.88�1010

l Ž .M Liquid molar holdup in reactor mol 14,5201
l Ž .M Liquid molar holdup in condenser mol 15,0002® Ž .M Vapor molar holdup in reactor mol 3,740.21® Ž .M Vapor molar holdup in condenser mol 3,906.62

6Ž .P Pressure in reactor Pa 5.05�101
6Ž .P Pressure in condenser Pa 4.94�102

� 6Ž .P Setpoint for reactor pressure Pa 5.05�10
5Ž .Q Heat output from reactor W 8.6368�101
6Ž .Q Heat output from condenser W 1.0623�102

Ž .T Temperature of feed A K 269.5A
Ž .T Temperature of feed B K 300.0B
Ž .T Temperature in reactor K 330.01

Ž .T Temperature in condenser K 304.162
3Ž .V Volume of reactor m 3.01T

3Ž .V Volume of condenser m 3.02T
x Mole fraction of A in liquid phase in reactor 0.4937A1
x Mole fraction of B in liquid phase in reactor 0.4009B1
x Mole fraction of A in liquid phase in condenser 0.7355A2
y Mole fraction of A in vapor phase in reactor 0.47A1
y Mole fraction of A in vapor phase in condenser 0.33A2

Ž .� H Heat of reaction Jrmol y50,000r® Ž .� H Latent heat of vaporization Jrmol 10,000
3Ž .� Liquid molar density molrm 15,000

Ž .R Universal gas constant Jrmol �K 8.314
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0sP y y P s x 82Ž .2 A2 A2 A2

0sP 1y y y P s 1y x 83Ž .Ž . Ž .2 A2 C 2 A2

0sP yP� 84Ž .1

M l
1 ®0sP V y yM RT 85Ž .1 1T 1 1ž /�

M l
2 ®0sP V y yM RT 86Ž .2 2T 2 2ž /�

1 7r40sP yP y F 87Ž .Ž .1 2 1®0.09

where P s , P s , P s , P s , and r are defined byA1 A2 C1 C 2 A

3,400
sP sexp 25.1y 88Ž .A1 ž /T q201

3,400
sP sexp 25.1y 89Ž .A2 ž /T q202

4,100
sP sexp 27.3y 90Ž .C1 ž /T q701

4,100
sP sexp 27.3y 91Ž .C2 ž /T q702

Ealr sk �M x x exp y 92Ž .A 10 1 A1 B1 ž /RT1

T w lIn this process, state variables are x s M , x ,1 A 1
® l ® x Tx M , y ,T , M , x , M , y ,T ; algebraic variables are zB1 1 A1 1 2 A2 2 A2 2

w xs N , N , N , N ,F ,F , P , P ; the manipulated inputsA1 C1 A2 C 2 1® 2 ® 1 2
T w x Tare u s Q ,Q ,F ; the controlled outputs are y s1 2 2 l

w l xT , y , M . A description and nominal value of the process1 A2 2
variables and parameters is included in Table 1.

According to the regularization algorithm, G1 and G1 can1 2
be selected as

�P y P1

lM2 ®P V y yM RT2 2T 2 21 ž /G s ,�1

1 7r4P yP y FŽ .1 2 1®0.09

2P y yP x1 A1 A1 A1
sP 1y y y P 1y x y xŽ . Ž .1 A1 C1 A1 B1

sP y yP x2 A2 A2 A21G s s2 P 1y y yP 1y xŽ . Ž .2 A2 C 2 A2

lM1 ®P V y yM RT1 1T 1 1ž /�

A straightforward, but tedious, calculation shows that G2s1
w 2 2 x �g , . . . , g is given by1 5

g 2s	 N q	 N q
 Q q
 F q� 93Ž .1 11 A1 12 C1 11 1 13 2 l 1

g 2s	 N q	 N q
 Q q
 F q� 94Ž .2 21 A1 22 C1 21 1 23 2 l 2

g 2s	 N q	 N q	 F q	 F q
 Q3 33 A2 34 C 2 35 1® 36 2 ® 32 2

q
 F q� 95Ž .33 2 l 3

g 2s	 N q	 N q	 F q	 F q
 Q4 43 A2 44 C 2 45 1® 46 2 ® 42 2

q
 F q� 96Ž .43 2 l 4

g 2s	 N q	 N q	 F q
 Q5 51 A1 52 C1 55 1® 51 1

q
 F q� 97Ž .53 2 l 5

where 	 , 
 , and � are defined in Appendix C. In addi-i j i j j
1G1 1 T 2 2 T 2wŽ . xtion, Gs , G s G , g , . . . , g and G s g . It is1 1 1 4 2 52G1
wŽ . Ž .xchecked that � Gr� z � Gr� u has full row rank, which im-

plies that the regularization algorithm terminates at Step 2. It
Ž . Ž .can be checked that A2 and A3 are satisfied.

The application of Algorithm 2 to the outputs y , y , and1 2
y produces r s r s r s1 and3 1 2 3

H 2s	 N q	 N q
 Q q
 F q� 98Ž .1 61 A1 62 C1 61 1 63 2 l 6

H 2s	 N q	 N q	 F q� 99Ž .2 73 A2 74 C 2 75 1® 7

H 2s	 N q	 N q
 F q� 100Ž .3 83 A2 84 C 2 83 2 l 8

where 	 , 
 , and � are defined in Appendix C.i j i j j

Figure 1. Current closed-loop profiles of controlled out-
puts and manipulated inputs corresponding to
the controller: step signal tracking.
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Figure 2. Closed-loop profiles of controlled outputs and
manipulated inputs corresponding to the con-

( )trollers in Kumar and Daoutidis 1996 ; step
signal tracking.

Following the design procedure proposed in last section, it
is derived that the tracking feedback controllers are given by

ws® 101Ž .˙ 1

G sM ®qw 102Ž .2 2

G s0 103Ž .1

H 2syd y y y d t q y d t 104Ž . Ž . Ž .˙Ž .1 1 1 1 1

H 2syd y y y d t q y d t 105Ž . Ž . Ž .˙Ž .2 2 2 2 2

H 2syd y y y d t q y d t 106Ž . Ž . Ž .˙Ž .3 3 3 3 3

Figure 3. Current closed-loop profiles of controlled out-
puts and manipulated inputs corresponding to
the controller: square wave signal tracking.
Dashed line: set points; solid line: outputs.

Figure 4. Closed-loop profiles of controlled outputs and
manipulated inputs corresponding to the con-

( )trollers in Kumar and Daoutidis 1996 : square
wave signal tracking.
Dashed line: set points; solid line: outputs.

Two sets of simulation run are carried out with d s1r120,1
d s1r60, d s1r90 using both controllers in this article and2 3

Ž .in Kumar and Daoutidis 1996 .
The first simulation run addressed the set point tracking

capabilities of the proposed controller in the nominal case.
For the process that was initially at its nominal steady state, a
1% decrease in the set point for the reactor temperature T ,2
a 10% decrease in the set point for product composition y ,A2
and 1% decrease in the set point for the liquid molar holdup
M l was imposed at ts0. The closed-loop profiles of the three2
controlled outputs and manipulated inputs are shown in Fig-
ure 1. We can see that satisfactory tracking performance is
achieved by the proposed controller. The tracking controllers

Ž .based on the method in Kumar and Daoutidis 1996 are also
simulated and the results are shown in Figure 2. It is clear
that both controllers produce exactly the same simulation re-
sults.

The second set of the simulation run is carried out with
square waves in the set points, with a period of 600 s. The
simulation run addressed the time-varying signal tracking ca-
pabilities of the proposed controller in the nominal case. The
closed-loop profiles of the three controlled outputs and ma-
nipulated inputs are shown in Figure 3. The satisfactory
tracking performance is achieved by the proposed controller.

Ž .The tracking controllers in Kumar and Daoutidis 1996 are
also simulated under the same setting, and the simulation
results are shown in Figure 4. It is clear that both controllers
produce exactly the same simulation results.

Conclusion
This article has addressed the output tracking problem of

Ž .nonlinear high-index DAE systems of the form Eqs. 1�2 . A
two step design approach has been proposed to tackle the
given DAE systems directly without finding the equivalent
state-space representation. The first step is to carry out the
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regularization algorithm to test if the given system can be put
into an index-one system. Then, another algorithm is per-
formed to design a controller which achieves the tracking ca-
pabilities of the closed-loop system. The simulations per-
formed on a chemical process comprised of a two-phase reac-
tor and condenser illustrate the satisfactory control perfor-
mance of the proposed design method.
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Appendix A: Proof of the Regularity of the
( )Closed-Loop System Eqs. 26–32

Ž .In order to prove that the closed-loop system Eqs. 26�32
is regular, z , z , u , and u need to be determined first,1 2 1 2
then substitute them into the constraints to determine the

constrained state-space region, and finally verify that the
constrained state-space region is independent of the new in-
puts ® and ® .1 2
Ž .a Determine z from Eq. 29: Since � G r� z is nonsingu-1 1 1

lar, it follows from the implicit function theorem that there
Ž .exists a unique smooth function z sZ x, z ,u ,u which1 1 2 1 2

solves Eq. 29 locally.
Ž .b Determine z from Eq. 32: Substituting z s2 1
Ž .Z x, z ,u ,u into Eq. 29 and differentiating it with respect1 2 1 2

to z yields2

� G �Z � G1 1 1q s0
� z � z � z1 2 2

Ž .y1Ž .which implies that �Z r� z sy � G r� z � G r� z . Ac-1 2 1 1 1 2
cording to the nonsingularities of the matrices � G r� z and1 1

� f � f1 1

� z � z1 2

� G � G1 1

� z � z1 2

it follows from the relation

� f � f1 1

� z � z1 2
rank

� G � G1 1

� z � z1 2

y1
� f � G � f � f1 1 1 1

I y ž /� z � z � z � z1 1 1 2
srank y1 � G � G1 1� G1

0 � z � zž / 1 2� z1

y1
� f � G � G � f1 1 1 1

0 y qž /� z � z � z � z1 1 2 2
srank y1

� G � G1 1
I ž /� z � z1 2

Ž .Ž .y1Ž . Ž .that y � f r� z � G r� z � G r� z q � f r� z is non-1 1 1 1 1 2 1 2
Ž . Ž Ž . .singular. Let f x, z ,u ,u s f x,Z x, z ,u ,u , z ,u ,u .1 2 1 2 1 1 2 1 2 2 1 2

Then

y1
� f � f �Z � f � f � G � G � f1 1 1 1 1 1 1 1s q sy qž /� z � z � z � z � z � z � z � z2 1 2 2 1 1 2 2

is nonsingular, which, according to the implicit function theo-
rem, implies that there exists a unique smooth function z s2

Ž . Ž .Z x,u ,u ,® , which, together with z s Z x, z ,u ,u ,2 1 2 1 1 1 2 1 2
Žsolves Eq. 32 locally. In addition, the algebraic equation Eq.

. Ž Ž . .32 becomes 0s f x,Z x,u ,u ,® ,u ,u q® . Differentiat-1 2 1 2 1 1 2 1
Ž .ing this last equation with respect to ® gives � f r� z1 1 2

July 2003 Vol. 49, No. 7 AIChE Journal1752



Ž .�Z r� ® q Is0, that is2 1

y1
�Z � f2 1s A1Ž .ž /� ® � z1 2

Ž .c Determine u from Eq. 24: It follows from1

� G � G1 1

� z � z� G 1 21
s srank srank1 � G � G� z 2 21

� z � z1 2

y1
� G � G � G1 1 1

0ž /� z � z � z1 1 2
srank y1 � G � G2 2� G � G2 1y I � z � zž / 1 2� z � z1 1

y1
� G � G1 1

I ž /� z � z1 2
srank y1

� G � G � G � G2 1 1 2
0 y qž /� z � z � z � z1 1 2 2

Ž .Ž .y1Ž . Ž .that y � G r� z � G r� z � G r� z q � G r� z s 0,2 1 1 1 1 2 2 2
Ž . Ž Ž . .Let G x, z ,u ,u sG x,Z x, z ,u ,u , z ,u ,u . Then2 2 1 2 2 1 2 1 2 2 1 2

� G � G �Z � G2 2 1 2s q
� z � z � z � z2 1 2 2

y1
� G � G � G � G2 1 1 2sy q s0ž /� z � z � z � z1 1 2 2

Ž .which implies that G x, z ,u ,u is independent of z . As a2 2 1 2 2
result, Eq. 24 becomes

G x ,u ,u s x qw A2Ž . Ž .2 1 2 1

Furthermore, according to the relation

� G � G � G1 1 1

� z � z � u1 2 1
rank

� G � G � G2 2 2

� z � z � u1 2 1

y1
� G � G � G � G1 1 1 1

0ž /� z � z � z � u1 1 2 1
srank y1 � G � G � G2 2 2� G � G2 1y I � z � z � už / 1 2 1� z � z1 1

y1 y1
� G � G � G � G1 1 1 1

I ž / ž /� z � z � z � u1 2 1 1
srank y1 y1

� G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2
0 y q y qž / ž /� z � z � z � z � z � z � u � u1 1 2 2 1 1 1 1

y1 y1
� G � G � G � G1 1 1 1

I ž / ž /� z � z � z � u1 2 1 1
srank y1

� G � G � G � G2 1 1 2
0 0 y qž /� z � z � u � u1 1 1 1
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it follows from the full row rankness of the matrix on the
lefthand side of the above equation that the matrix
Ž .Ž .y1Ž . Ž .y � G r� z � G r� z � G r� u q � G r� u is nonsin-2 1 1 1 1 1 2 1

gular, which implies that � G r� u is nonsingular. Thus, it2 1
follows from the implicit function theorem that there exists a

Ž .unique smooth function u sU x,u ,w , which solves Eq. A21 1 2
locally.
Ž .d Determine u from Eq. 25: u s® .2 2 2
In summary, u , u , z , and z can be determined uniquely1 2 1 2

in terms of x, w, ® , and ® from Eqs. 24, 25, 29, and 32.1 2
Ž .e Determine the constrained state-space region: The con-

strained state-space region is defined by x qws0, which is1

Eq. 30, and

G̃ x ,Z x ,Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,® ,Ž . Ž .Ž .Ž .Ž 1 2 1 2 2 1 1 2 2

Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,® s0Ž . Ž .Ž . .2 1 2 2 1 1 2 2

Ž .which is obtained by substituting z sZ x, z ,u ,u , z s1 1 2 1 2 2
Ž . Ž .Z x ,u ,u ,® , u s U x ,u ,w , and u s ® into2 1 2 1 1 1 2 2 2

˜Ž .G x, z , z ,u ,u s0. Next, we will prove that it is indepen-1 2 1 2
dent of ® and ® . First, according to the relation1 2

˜ ˜ ˜ ˜� G � G � G � G
� G � G � G � G� z � z � u � u 1 1 1 11 2 1 2

� z � z � u � u� G � G � G � G 1 2 1 21 1 1 1rank srank
� G � G � G � G� z � z � u � u 2 2 2 21 2 1 2

� z � z � u � u� G � G � G � G 1 2 1 22 2 2 2

� z � z � u � u1 2 1 2

y1˜� G � G ˜ ˜ ˜ ˜1 � G � G � G � GI y 0ž /� z � z1 1 � z � z � u � u1 2 1 2
y1

� G � G � G � G� G 1 1 1 11srank 0 0ž / � z � z � u � u� z 1 2 1 21

y1 � G � G � G � G2 2 2 2� G � G2 1
0 y I � z � z � u � u1 2 1 2ž /� z � z1 1

y1 y1 y1˜ ˜ ˜ ˜ ˜ ˜� G � G � G � G � G � G � G � G � G � G � G � G1 1 1 1 1 1
0 y q y q y qž / ž / ž /� z � z � z � z � z � z � u � u � z � z � u � u1 1 2 2 1 1 1 1 1 1 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1 y1 y1
� G � G � G � G � G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2 2 1 1 2

0 y q y q y qž / ž / ž /� z � z � z � z � z � z � u � u � z � z � u � u1 1 2 2 1 1 1 1 1 1 2 2

y1 y1 y1˜ ˜ ˜ ˜ ˜ ˜� G � G � G � G � G � G � G � G � G � G � G � G1 1 1 1 1 1
0 y q y q y qž / ž / ž /� z � z � z � z � z � z � u � u � z � z � u � u1 1 2 2 1 1 1 1 1 1 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank A3Ž .I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1 y1
� G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2

0 0 y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2
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˜ y1 ˜Ž .Ž . Ž . Ž .it follows that y � Gr� z � G r� z � G r� z q � Gr� z1 1 1 1 2 2
˜Ž . Ž Ž . .s0, Let G x, z ,u ,u sG x,Z x, z ,u ,u , z ,u ,u . Then2 1 2 1 2 1 2 2 1 2

y1˜ ˜ ˜ ˜� G � G �Z � G � G � G � G � G1 1 1s q sy q s0ž /� z � z � z � z � z � z � z � z2 1 2 2 1 1 2 2

Ž .which implies that G x, z ,u ,u is independent of z , that2 1 2 2
˜Ž .is, the algebraic equation G x, z , z ,u ,u s 0 becomes1 2 1 2

Ž .G x,u ,u s0. At the same time, Eq. A3 becomes1 2

˜ ˜ ˜ ˜� G � G � G � G
� G � G � G � G� z � z � u � u 1 1 1 11 2 1 2

� z � z � u � u� G � G � G � G 1 2 1 21 1 1 1rank srank
� G � G � G � G� z � z � u � u 2 2 2 21 2 1 2

� z � z � u � u� G � G � G � G 1 2 1 22 2 2 2

� z � z � u � u1 2 1 2

y1 y1˜ ˜ ˜ ˜� G � G � G � G � G � G � G � G1 1 1 1
0 0 y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank A4Ž .I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1 y1
� G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2

0 0 y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2

which means that

y1 y1˜ ˜ ˜ ˜� G � G � G � G � G � G � G � G1 1 1 1y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2
rank y1 y1

� G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2

y1 y1
� G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2srank A5Ž .y q y qž / ž /� z � z � u � u � z � z � u � u1 1 1 1 1 1 2 2

that is

� G � G

� u � u � G � G1 2 2 2
rank srank

� u � u� G � G 1 22 2

� u � u1 2

Ž .where � G r� u is nonsingular, see c above. Substituting u2 1 1
Ž .sU x,u ,w into Eq. A2 and differentiating it with respect1 2

to u gives2

� G �U � G2 1 2q s0
� u � u � u1 1 2

y1Ž . Ž . Ž .which implies that �U r� u s � G r� u � G r� u . Now1 1 2 1 2 1
ˆŽ . Ž Ž . .let G x,u sG x,U x,u ,u . Then2 1 2 2

y1ˆ� G � G �U � G � G � G � G � G1 2 2s q sy q s0ž /� u � u � u � u � u � u � u � u2 1 1 2 1 1 1 2

because of

� G � G

� u � u � G � G1 2 2 2
rank srank

� u � u� G � G 1 22 2

� u � u1 2

y1
� G � G � G � G2

I y ž /� u � u � u � u1 1 1 2
srank y1 � G � G2 2� G2

0 � u � už / 1 2� u1
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y1
� G � G � G � G2 2

0 y qž /� u � u � u � u1 1 2 2
srank y1

� G � G2 2
I ž /� u � u1 2

ˆ Ž .Therefore, G x,u is independent of u . So the algebraic2 2 2
equation

G̃ x ,Z x ,Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,® ,Ž . Ž .Ž .Ž .Ž 1 2 1 2 2 1 1 2 2

Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,® s0Ž . Ž .Ž . .2 1 2 2 1 1 2 2

is independent of ® and ® , that is, the constrained state-1 2
space region is independent of ® and ® . Thus, the closed-1 2

Ž .loop system Eqs. 26�32 is regular.

Appendix B: Derivation of the Tracking Controller
Ž .It follows from Appendix A that u sU x,u ,w and u s1 1 2 2

® . So, in order to find the tracking controller for u and u ,2 1 2
we need to determine ® and ® from Eq. 60. To this end, let1 2

Tr q1 r q11 mHs H , . . . , H1 m

T1 r 1 r1 mH̃s H , . . . , H ; . . . ; H , . . . , H1 1 m m

Ž . Ž .1 r1d d d dY t s y t , y t , . . . , y t ; . . . ; y tŽ . Ž . Ž . Ž . Ž .Ž . Ž .1 1 1 m

TŽ . Ž .1 rmd dy t , . . . , y tŽ . Ž .Ž . Ž .m m

Then, Eq. 60 can be rewritten as

˜H x , z , z ,u ,u sM H x , z , z ,u ,u ,Y t B1Ž . Ž . Ž . Ž .Ž .1 2 1 2 1 2 1 2

Now, it follows from Algorithm 2 that

˜ ˜ ˜ ˜� H � H � H � H

� z � z � u � u1 2 1 2

� G � G � G � G1 1 1 1rank
� z � z � u � u1 2 1 2

� G � G � G � G2 2 2 2

� z � z � u � u1 2 1 2

� G � G � G � G1 1 1 1

� z � z � u � u1 2 1 2
srank B2Ž .

� G � G � G � G2 2 2 2

� z � z � u � u1 2 1 2

and the matrix

� G � G � G � G1 1 1 1

� z � z � u � u1 2 1 2

� G � G � G � G2 2 2 2
rank

� z � z � u � u1 2 1 2

� H � H � H � H

� z � z � u � u1 2 1 2

Ž .is nonsingular due to A4 in the Feedback Design Section.
Ž .By the same token as in e of Appendix A, it follows from

Eq. B2 that the function

H̃ x ,Z x ,Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,®Ž . Ž .Ž .Ž .Ž 1 2 1 2 2 1 1 2 2

Z x ,U x ,® ,w ,® ,® ,U x ,® ,w ,®Ž . Ž .Ž . .2 1 2 2 1 1 2 2

is independent of ® and ® .1 2
Set

H x , z ,u ,u sH x ,Z x , z ,u ,u , z ,u ,uw xŽ . Ž .2 1 2 1 2 1 2 2 1 2

Ĥ x ,u ,u ,® sH x ,Z x ,u ,u ,® ,u ,uw xŽ . Ž .1 2 1 2 1 2 1 1 2

1 ˆH x ,w ,® ,® sH x ,U x ,® ,w ,® ,® B3w xŽ . Ž . Ž .1 2 1 2 1 2

Then

y1
� H � H �Z � H � H � G � G � H1 1 1s q sy q s0ž /� X � z � X � X � z � z � X � X1 1 1

where X represents one of z , u , and u . As a result, we2 1 2
have

� H � H � H � H

� z � z � u � u1 2 1 2

� G � G � G � G1 1 1 1
rank

� z � z � u � u1 2 1 2

� G � G � G � G2 2 2 2

� z � z � u � u1 2 1 2
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y1
� H � G � H � H � H � H1

I y 0ž /� z � z � z � z � u � u1 1 1 2 1 2
y1 � G � G � G � G� G 1 1 1 11srank 0 0

� z � z � u � už /� z 1 2 1 21

� G � G � G � Gy1 2 2 2 2� G � G2 1
0 y I � z � z � u � u1 2 1 2ž /� z � z1 1

y1 y1 y1
� H � G � G � H � H � G � G � H � H � G � G � H1 1 1 1 1 1

0 y q y q y qž / ž / ž /� z � z � z � z � z � z � u � u � z � z � u � u1 1 2 2 1 1 1 1 1 1 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1 y1 y1
� G � G � G � G � G � G � G � G � G � G � G � G2 1 1 2 2 1 1 2 2 1 1 2

0 y q y q y qž / ž / ž /� z � z � z � z � z � z � u � u � z � z � u � u1 1 2 2 1 1 1 1 1 1 2 2

� H � H � H
0

� z � u � u2 1 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

� G � G2 2
0 0

� u � u1 2

� H � H � H
0

� z � u � u2 1 2 �Z �Z �Z2 2 2
y1 y1 y1

� G � G � G � G � G � G � ® � u � u1 1 1 1 1 1 1 1 2srank I ž / ž / ž /� z � z � z � u � z � u 0 I 01 2 1 1 1 2

0 0 I� G � G2 2
0 0

� u � u1 2

� H �Z � H �Z � H � H �Z � H2 2 2
0 q q

� z � ® � z � u � u � z � u � u2 1 2 1 1 2 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

� G � G2 2
0 0

� u � u1 2

ˆ ˆ ˆ� H � H � H
0

� ® � u � u1 1 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

� G � G2 2
0 0

� u � u1 2
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ˆ ˆ ˆ� H � H � Hy1 0ˆ� H � G2 � ® � u � u1 1 2I 0 y ž /� u � u1 1 y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank 0 I 0 I ž / ž / ž /� z � z � z � u � z � uy1 1 2 1 1 1 2

� G2
0 0 � G � G2 2ž /� u 0 01

� u � u1 2

y1ˆ ˆ ˆ� H � H � G � G � H2 2
0 0 qž /� ® � u � u � u � u1 1 1 2 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1srank I ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1
� G � G2 2

0 0 I ž /� u � u1 2

1 1� H � H
0 0

� ® � ®1 2

y1 y1 y1
� G � G � G � G � G � G1 1 1 1 1 1

Isrank ž / ž / ž /� z � z � z � u � z � u1 2 1 1 1 2

y1
� G � G2 2

0 0 I ž /� u � u1 2

wŽ 1 . Ž 1 .xwhich implies that the matrix � H r� ® � H r� ® is non-1 2
singular. Up to now, we have proved that Eq. 60 or Eq. B1
can be rewritten as

1 ˜H x ,w ,® ,® sM H x ,w ,Y t B4Ž . Ž . Ž . Ž .1 2

It follows from the implicit function theorem that there
Ž . Ž .exists unique smooth functions ® sV x,w and ® sV x,w1 1 2 2

1 ˜w Ž . Ž .x w Ž . Ž .xso that H x,w,® sV x,w , ® sV x,w sM H x,w ,Y t .1 1 2 2

Appendix C: Expressions for � , � , and �i j i j j

P 1y y 3,400 P s � H ®xŽ .1 A1 A1 A1
	 sy y11 ® 2l ®M M qM c T q20Ž .1 Ž .1 1 p 1

P s 1y xŽ .A1 A1y lM1

P y 3,400 P 2 � H ®x P s x1 A1 A1 A1 A1 A1
	 sy q y12 ® 2 ll ®M MM qM c T q20Ž .1 1Ž .1 1 p 1

3,400 P s xA1 A1

 s11 2l ®M qM c T q20Ž .Ž .1 1 p 1

3,400 P s x T yT P s x y xŽ .Ž .A1 A1 2 1 A1 A2 A1

 sy y13 2 ll ® MM qM T q20Ž . 1Ž .1 1 1

P F 1y y 3,400 P s xŽ .1 A A1 A1 A1
� s y1 ® 2l ®M M qM T q20Ž .1 Ž .1 1 1

s� H P F x q rŽ .r A1 B A1 A
� F T yT qF T yT y r qŽ . Ž .A A 1 B B 1 A lc Mp 1

P 1y y 4,100 P s � H ® 1y x y xŽ . Ž .1 A1 C1 A1 B1
	 s y21 ® 2l ®M M qM c T q70Ž .1 Ž .1 1 p 1

P s 1y x P s xŽ .C1 A1 C1 B1q yl lM M1 1

P y 4,100 P s � H ® 1y x y xŽ .1 A1 C1 A1 B1
	 s q22 ® 2l ®M M qM c T q70Ž .1 Ž .1 1 p 1

P s x P s xC1 A1 C1 B1q ql lM M1 1

4,100 P s 1y x y xŽ .C1 A1 B1

 s21 2l ®M qM c T q70Ž .Ž .1 1 p 1

4,100 P s 1y x y x T yTŽ .Ž .C1 A1 B1 2 1

 sy23 2l ®M qM T q70Ž .Ž .1 1 1

P s x y x P s xŽ .C1 A2 A1 C1 B1q yl lM M1 1
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P F 1y y 4,100 P s 1y x y xŽ . Ž .1 A A1 C1 A1 B1
� sy y2 ® 2l ®M M qM T q70Ž .1 Ž .1 1 1

s� H P F x q rŽ .r C1 B A1 A
� F T yT qF T yT y r yŽ . Ž .A A 1 B B 1 A lc Mp 1

P s F 1y x y rw xŽ .C1 B B1 Aq lM1

P y M l P 1y yŽ .2 A2 2 2 A2
	 s yRy T y V y33 A2 2 2T ®ž /� � M2

l ®3,400 M � H2® sq y M Ry V y P xA2 2 2T A2 A22 l ®ž /� M qM cŽ .T q20Ž . 2 2 p2

M l P s 1y xŽ .2 A2 A2y V y2T lž /� M2

P y M l P ys A2 2 2 A2
	 s yRy T q V y34 A2 2 2T ®ž /� � M2

l ®3,400 M � H2® sq y M Ry V y P xA2 2 2T A2 A22 l ®ž /� M qM cŽ .T q20Ž . 2 2 p2

M l P s x2 A2 A2q V y2T lž /� M2

M l P y y yŽ .2 2 A1 A2
	 sRy T q V y35 A2 2 2T ®ž /� M2

l3,400 M T yT2 1 2® sq y M Ry V y P xA2 2 2T A2 A22 l ®ž /� M qMT q20Ž . 2 22

	 syRy T36 A2 2

l3,400 M2® s
 sy y M Ry V y P x32 A2 2 2T A2 A22 ž /�T q20Ž .2

1
� l ®M qM cŽ .2 2 p

P y2 A2

 sy33 �

� s03

P 1yy M l P 1yyŽ . Ž .2 A2 2 2 A2
	 s yR 1yy T q V yŽ .43 A2 2 2T ®ž /� � M2

l4,100 M2®q 1y y M Ry V yŽ .A2 2 2T2 ž /�T q70Ž .2

� H ® M l P s 1y xŽ .2 C 2 A2s� P 1y x q V yxŽ .C2 A2 2T ll ® ž /� MM qM cŽ . 22 2 p

P 1y y M l P yŽ .2 A2 2 2 A2
	 s yR 1y y T y V yŽ .44 A2 2 2T ®ž /� � M2

l4,100 M2®q 1y y M Ry V yŽ .A2 2 2T2 ž /�T q70Ž .2

® l s� H M P x2 C 2 A2s� P 1y x y V yŽ .C2 A2 2T ll ® ž /� MM qM cŽ . 22 2 p

M l P y y yŽ .2 2 A1 A2
	 sR 1y y T y V yŽ .45 A2 2 2T ®ž /� M2

l4,100 M2®q 1y y M Ry V yŽ .A2 2 2T2 ž /�T q70Ž .2

T yT1 2s� P 1y xŽ .C2 A2 l ®M qM2 2

	 syR 1y y TŽ .46 A2 2

l4,100 M2®
 sy 1y y M Ry V yŽ .42 A2 2 2T2 ž /�T q70Ž .2

1
s� P 1y xŽ .C2 A2 l ®M qM cŽ .2 2 p

P 1y yŽ .2 A2

 sy43 �

� s03

P RM ®� H ®
1 1

	 sy qRT y51 1 l ®� M qM cŽ .1 1 p

P RM ®� H ®
1 1

	 s yRT q52 1 l ®� M qM cŽ .1 1 p

	 sRT55 1

RM ®
1


 s51 l ®M qM cŽ .1 1 p

P RM ® T yTŽ .1 1 2 1

 sy y53 l ®� M qM1 1

P RM ®
1 1

� sy F yF yRT F yŽ .5 B 1 l 1 A l ®� M qM1 1

� Hr
� F T yT qF T yT y rŽ . Ž .A A 1 B B 1 A cp

� H ®

	 s61 l ®M qM cŽ .1 1 p

� H ®

	 sy62 l ®M qM cŽ .1 1 p

1

 sy61 l ®M qM cŽ .1 1 p
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T yT2 1

 s63 l ®M qM1 1

1 � Hr
� s F T yT qF T yT y rŽ . Ž .6 A A 1 B B 1 Al ® cM qM p1 1

1y yA2
	 sy73 ®M2

yA2
	 s74 ®M2

y y yA1 A2
	 s75 ®M2

� s07

	 s183

	 s184


 sy183

� s08
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